In the last two decades experiments have established the existence of neutrino oscillations and most of the related parameters have by now been measured with reasonable accuracy. These results have accomplished a major progress for particle physics and cosmology. At present neutrino physics is a most vital domain of particle physics and cosmology and the existing open questions are of crucial importance. We review the present status of the subject, the main lessons that we have learnt so far and discuss the great challenges that remain in this field.
Introduction
The main facts on ν mass and mixing 1 are that ν's are not all massless but their masses are very small; probably their masses are small because ν's are Majorana fermions with masses inversely proportional to the large scale M of interactions that violate lepton number (L) conservation. From the see-saw formula 2 together with the observed atmospheric oscillation frequency and a Dirac mass m D of the order of the Higgs vacuum expectation value (VEV), it follows that the Majorana mass scale M ∼ m νR is empirically close to 10 14 − 10 15 GeV ∼ M GUT , so that ν masses can well fit in the Grand Unification Theory (GUT) picture. Decays of heavy ν R with CP and L violation can produce a sizable B-L asymmetry that survives instanton effects at the electroweak scale thus explaining baryogenesis as arising from leptogenesis. There is still no direct proof that neutrinos are Majorana fermions: detecting neutrino-less double beta decay (0νββ) would prove that ν's are Majorana particles and that L is not conserved. It also appears that the active ν's are not a significant component of Dark Matter in the Universe.
On the experimental side the main recent developments on neutrino mixing 1 were the results on θ 13 3-7 from T2K, MINOS, DOUBLE-CHOOZ, RENO and DAYA-BAY. These experiments are in good agreement among them and the most precise is DAYA-BAY with the result 7 sin 2 2θ 13 = 0.090
+0.008
−0.009 (equivalent to sin 2 θ 13 ∼ 0.023±0.002 or θ 13 ∼ (8.7±0.6) o ∼ θ C / √ 2, with θ C the Cabibbo angle).
A summary of recent global fits to the data on oscillation parameters is presented in Table 1 8, 9 see also Ref. 10 . The combined value of sin 2 θ 13 is by now about 10 σ away from zero and the central value is rather large, close to the previous upper bound. In turn a sizable θ 13 allows to extract an estimate of θ 23 from accelerator data like T2K and MINOS. There are by now solid indications of a deviation of θ 23 from the maximal value, probably in the first octant and, in addition, some hints of sensitivity to cos δ CP are starting to appear in the data. 8 These fits were made assuming three neutrino species but a hot issue is the possible existence of sterile neutrinos (for a review, see Ref. 11 ) that will be discussed in Sect. 7. 
Neutrino Masses and Lepton Number Non-conservation
Neutrino oscillations imply non vanishing neutrino masses which in turn demand either the existence of right-handed (RH) neutrinos (Dirac masses) or lepton number L non conservation (Majorana masses) or both. Given that neutrino masses are extremely small, it is really difficult from the theory point of view to avoid the conclusion that L conservation must be violated. In fact, if lepton number is not conserved the smallness of neutrino masses can be explained as inversely proportional to the very large scale where L conservation is violated, of order M GUT or even M P l . If L conservation is violated neutrinos are naturally Majorana fermions. For a Majorana neutrino each mass eigenstate with given helicity coincides with its own antiparticle with the same helicity. As well known, for a charged massive fermion there are four states differing by their charge and helicity (the four components of a Dirac spinor) as required by Lorentz and CPT invariance. For a massive Majorana neutrino, neutrinos and antineutrinos can be identified and only two components are needed to satisfy the Lorentz and CPT invariance constraints. Neutrinos can be Majorana fermions because, among the fundamental fermions (i.e. quarks and leptons), they are the only electrically neutral ones. If, and only if, the lepton number L is not conserved, i.e. it is not a good quantum number, then neutrinos and antineutrinos can be identified. For Majorana neutrinos both Dirac mass terms, that conserve L (ν → ν), and Majorana mass terms, that violate L conservation by two units (ν →ν), are in principle possible. Of course the restrictions from gauge invariance must be respected. So, for neutrinos the Dirac mass terms (ν R ν L +h.c.) arise from the couplings with the Higgs field, as for all quarks and leptons. For Majorana masses, a ν T L ν L mass term has weak isospin 1 and needs two Higgs fields to make an invariant. On the contrary a ν T R ν R mass term is a gauge singlet and needs no Higgs. As a consequence, the RH neutrino Majorana mass M R is not bound to be of the order of the electroweak symmetry breaking (induced by the Higgs VEV) and can be very large (see below).
Some notation: the charge conjugated of ν is ν c , given by ν c = C(ν) T , where C = iγ 2 γ 0 is the charge conjugation matrix acting on the spinor indices. In particular (ν c ) L = C(ν R ) T , so that, instead of using ν L and ν R , we can refer to ν L and (ν c ) L , or simply ν and ν c . Once we accept L non-conservation we obtain an elegant explanation for the smallness of neutrino masses. If L is not conserved, even in the absence of heavy RH neutrinos, Majorana masses for neutrinos can be generated by dimension five operators of the form
with H being the ordinary Higgs doublet, l i the SU(2) left-handed (LH) lepton doublets, λ a matrix in flavor space, Λ a large scale of mass, possibly of order M GUT or M P l and a charge conjugation matrix C between the lepton fields is understood. Neutrino masses generated by O 5 are of the order m ν ≈ v 2 /Λ for λ ij ≈ O(1), where v ∼ O(100 GeV) is the VEV of the ordinary Higgs.
We consider that the existence of RH neutrinos ν c is quite plausible also because most GUT groups larger than SU(5) require them. In particular the fact that ν c completes the representation 16 of SO(10): 16=5+10+1, so that all fermions of each family are contained in a single representation of the unifying group, is too impressive not to be significant. At least as a classification group SO(10) must be of some relevance in a more fundamental layer of the theory! Thus, in the following we assume both that ν c exist and that L is not conserved. With these assumptions the see-saw mechanism 2 is possible. We recall, also to fix notations, that in its simplest form it arises as follows. Consider the SU(3) × SU(2) × U(1) invariant Lagrangian giving rise to Dirac and ν c Majorana masses (for the time being we consider the ν (versus ν c ) Majorana mass terms as comparatively negligible):
The Dirac mass matrix m D ≡ y ν v/ √ 2, originating from electroweak symmetry breaking, is, in general, non-hermitian and non-symmetric, while the Majorana mass matrix M is symmetric, M = M T . We expect the eigenvalues of M to be of order M GUT or more because ν c Majorana masses are SU(3)× SU(2)× U(1) invariant, hence unprotected and naturally of the order of the cutoff of the low-energy theory. Since all ν c are very heavy we can integrate them away and the resulting neutrino 
This is the well known see-saw mechanism result: 2 the light neutrino masses are quadratic in the Dirac masses and inversely proportional to the large Majorana mass. If some ν c are massless or light they would not be integrated away but simply added to the light neutrinos. Note that for m ν ≈ ∆m 2 atm ≈ 0.05 eV (see Table 1 ) and
15 GeV which indeed is an impressive indication for M GUT .
If additional contributions to O 5 , eq. (1), are comparatively non-negligible, they should simply be added. For instance in SO(10) or in left-right extensions of the SM, an SU(2) L triplet can couple to two lepton doublets and to two Higgs and may induce a sizable contribution to neutrino masses. At the level of the lowenergy effective theory, such term is still described by the operator O 5 of eq. (1), obtained by integrating out the heavy SU(2) L triplet. This contribution is called type II to be distinguished from that obtained by the exchange of RH neutrinos (type I). One can also have the exchange of a fermionic SU(2) L triplet coupled to a lepton doublet and a Higgs (type III). After elimination of the heavy fields, at the level of the effective low-energy theory, the three types of see-saw terms are equivalent. In particular they have identical transformation properties under a chiral change of basis in flavor space. The difference is, however, that in type I see-saw mechanism, the Dirac matrix m D is presumably related to ordinary fermion masses because they are both generated by the Higgs mechanism and both must obey GUT-induced constraints. Thus more constraints are implied if one assumes the see-saw mechanism in its simplest type I version.
Basic Formulae for Three-Neutrino Mixing
In this section we assume that there are only two distinct neutrino oscillation frequencies, the atmospheric and the solar frequencies. These two can be reproduced with the known three light neutrino species (with no need of sterile neutrinos).
Neutrino oscillations are due to a misalignment between the flavor basis, ν ′ ≡ (ν e , ν µ , ν τ ), where ν e is the partner of the mass and flavor eigenstate e − in a lefthanded (LH) weak isospin SU(2) doublet (similarly for ν µ and ν τ ) and the mass eigenstates ν ≡ (ν 1 , ν 2 , ν 3 ):
where U is the unitary 3 by 3 mixing matrix. Given the definition of U and the transformation properties of the effective light neutrino mass matrix m ν in eq. (1):
we obtain the general form of m ν (i.e. of the light ν mass matrix in the basis where the charged lepton mass is a diagonal matrix):
The matrix U can be parametrized in terms of three mixing angles θ 12 , θ 23 and θ 13 (0 ≤ θ ij ≤ π/2) and one phase ϕ (0 ≤ ϕ ≤ 2π), 15 exactly as for the quark mixing matrix V CKM . The following definition of mixing angles can be adopted:
where s ij ≡ sin θ ij , c ij ≡ cos θ ij . In addition, if ν are Majorana particles, we have the relative phases among the Majorana masses m 1 , m 2 and m 3 . If we choose m 3 real and positive, these phases are carried by m 1,2 ≡ |m 1,2 |e iφ1,2 .
16 Thus, in general, 9 parameters are added to the SM when non-vanishing neutrino masses are included: 3 eigenvalues, 3 mixing angles and 3 CP violating phases.
In our notation the two frequencies, ∆m Oscillation experiments do not provide information about the absolute neutrino mass scale. Limits on that are obtained 1 from the endpoint of the tritium beta decay spectrum, from cosmology and from neutrinoless double beta decay (0νββ). From tritium we have an absolute upper limit of 2.2 eV (at 95% C.L.)
17 on the antineutrino mass eigenvalues involved in beta decay, which, combined with the observed oscillation frequencies under the assumption of three CPT-invariant light neutrinos, also amounts to an upper bound on the masses of the other active neutrinos. The near-future of the tritium measurement is the KATRIN experiment whose goal is to improve the present limit by about an order of magnitude. 18 Complementary information on the sum of neutrino masses is also provided by cosmology. For the sum of all (quasi) stable (thermalized) neutrino masses the Planck experiment, also using the WMAP-9 and BAO data, finds the limit m ν ≤ 0.23 at 95% c.l. 19 The discovery of 0νββ decay would be very important, as discussed in the next section, and would also provide direct information on the absolute scale of neutrino masses.
Importance of Neutrino-less Double Beta Decay
The detection of neutrino-less double beta decay 20 would provide direct evidence of L non conservation and of the Majorana nature of neutrinos. It would also offer a way to possibly disentangle the 3 cases of degenerate, normal or inverse hierachy neutrino spectrum. The quantity which is bound by experiments on 0νββ is the 11 entry of the ν mass matrix, which in general, from m ν = U * m diag U † , is given by : , where ambiguities on the nuclear matrix elements lead to the ranges shown. In the next few years, experiments (CUORE, GERDA II, SNO+....) will reach a larger sensitivity on 0νββ by about an order of magnitude. Assuming the standard mechanism through mediation of a light massive Majorana neutrino, if these experiments will observe a signal this would indicate that the inverse hierarchy is realized, if not, then the normal hierarchy case still would remain a possibility.
Baryogenesis via Leptogenesis from Heavy ν R Decay
In the Universe we observe an apparent excess of baryons over antibaryons. It is appealing that one can explain the observed baryon asymmetry by dynamical evolution (baryogenesis) starting from an initial state of the Universe with zero baryon number. For baryogenesis one needs the three famous Sakharov conditions: B violation, CP violation and no thermal equilibrium. In the history of the Universe these necessary requirements have probably occurred at different epochs. Note however that the asymmetry generated during one such epoch could be erased in following epochs if not protected by some dynamical reason. In principle these conditions could be fulfilled in the SM at the electroweak phase transition. In fact, when kT is of the order of a few TeV, B conservation is violated by instantons (but B-L is conserved), CP symmetry is violated by the CKM phase and sufficiently marked out-of-equilibrium conditions could be realized during the electroweak phase transition. So the conditions for baryogenesis at the weak scale in the SM superficially appear to be present. However, a more quantitative analysis 26 shows that baryogenesis is not possible in the SM because there is not enough CP violation and the phase transition is not sufficiently strong first order, because the Higgs mass is too heavy. In SUSY extensions of the SM, in particular in the MSSM, there are additional sources of CP violation but also this possibility has by now become at best marginal after the results from LEP2 and the LHC.
If baryogenesis at the weak scale is excluded by the data still it can occur at or just below the GUT scale, after inflation. But only that part with |B − L| > 0 would survive and not be erased at the weak scale by instanton effects. Thus baryogenesis at kT ∼ 10 10 − 10 15 GeV needs B-L violation and this is also needed to allow m ν if neutrinos are Majorana particles. The two effects could be related if baryogenesis arises from leptogenesis then converted into baryogenesis by instantons. 27, 28 The decays of heavy Majorana neutrinos (the heavy eigenstates of the see-saw mechanism) happen with non conservation of lepton number L, hence also of B-L and can well involve a sufficient amount of CP violation. Recent results on neutrino masses are compatible with this elegant possibility. Thus the case of baryogenesis through leptogenesis has been boosted by the recent results on neutrinos.
A Drastic Conjecture: the νMSM
The most direct version of the see-saw mechanism with heavy ν R matches well with GUT's (e.g. the heavy Majorana mass is given by M ν ∼ M GUT , we observe a complete 16 of SO (10) for each generation...). As well known, for naturalness, one would expect a completion of the SM near the EW scale in order to understand the big gap between m H and M GUT . The most attractive and well studied example of this sort of enlargement is that of supersymmetry (SUSY). Within SUSY one also has excellent candidates for Dark Matter and the GUT picture is improved by a precise gauge coupling unification, compatibility of the predicted proton lifetime with existing bounds etc. However no SUSY nor any other form of new physics has been found at the LHC or elsewhere and, as a consequence, our concept of naturalness has so far failed as a heuristic principle. 29 While SUSY remains an attractive possibility with perhaps a still acceptable degree of fine-tuning, it is true that models where the fine-tuning problem is disregarded or reconsidered have been revived.
It is important to note that although the hierarchy problem is directly related to the quadratic divergences in the scalar sector of the SM, actually the problem can be formulated without any reference to divergences or to a cut-off, directly in terms of renormalized quantities. After renormalization the hierarchy problem is manifested by the quadratic sensitivity of the scalar sector mass scale µ 2 to the physics at large energy scales. If there is a threshold at large energy, where some particles of mass M coupled to the Higgs sector can be produced and contribute in loops, then the renormalized running mass µ would evolve slowly (i.e. logarithmically according to the relevant beta functions 30 ), up to M and there, as an effect of the matching conditions at the threshold, rapidly jump to become of order M (see, for example, 31 ). In the presence of a threshold at M one needs a fine tuning of order µ 2 /M 2 in order to reproduce the observed value of the running mass at low energy. Note that heavy RH neutrinos, which are coupled to the Higgs through the Dirac Yukawa coupling, would contribute in the loop and, in the absence of SUSY, become unnatural at M > ∼ 10 7 − 10 8 GeV. 32 Also, in the pure Standard
Model heavy ν R tend to destabilize the vacuum and make it unstable for M > ∼ 10
14
GeV. 33 Thus for naturalness either new thresholds appear but there is a mechanism for the cancellation of the sensitivity (e.g. a symmetry like SUSY) or they would better not appear at all, except that certainly there is the Planck mass, connected to the onsetting of quantum gravity, that sets an unavoidable threshold. A possible point of view is that there are no new thresholds up to M P lanck (at the price of giving up GUTs, among other things) but, miraculously, there is a hidden mechanism in quantum gravity that solves the fine tuning problem related to the Planck mass.
34, 35
For this one would need to solve all phenomenological problems, like Dark Matter, baryogenesis and so on, with physics below the EW scale. This point of view is extreme but allegedly not yet ruled out. Possible ways to realize this program are discussed in Ref. 34 : one has to introduce three RH neutrinos, N 1 , N 2 and N 3 which are now light: for N 1 we need m 1 few keV, while m 2,3 few GeV but with a few eV splitting. With this rather ad hoc spectrum N 1 can explain Dark Matter and N 2,3 baryogenesis. The active neutrino masses are obtained from the see-saw mechanism, but with very small Dirac Yukawa couplings. Then the data on neutrino oscillations can be reproduced. The RH N i can give rise to observable consequences (and in fact only a limited domain of the parameter space is still allowed). In fact N 1 could decay as N 1 → ν + γ producing a line in X-ray spectra at E γ ∼ m 1 /2. It is interesting that a candidate line with E γ ∼ 3.5 keV has been identified in the data of the XMM-Newton X-ray observatory on the spectra from galaxies or galaxy clusters.
36
As for N 2,3 they could be looked for in charm meson decays if sufficiently light. A Letter of Intent for a dedicated experiment at the CERN SpS has been presented to search for these particles. The MiniBooNE experiment published 40 a combined analysis of ν e appearance in a ν µ beam together withν e appearance in aν µ beam. They observe an excess of events from neutrinos over expected backgrounds in the low energy region (below 500 MeV) of the spectrum. In the most recent data the shapes of the neutrino and anti-neutrino spectra appear to be consistent with each other, showing excess events below 500 MeV and data consistent with background in the high energy region. The allowed region from MiniBooNE anti-neutrino data has some overlap with the parameter region preferred by LSND. 41 Recently the ICARUS 42 Then there areν e disappearance experiments: in particular, the reactor and the gallium anomalies. A reevaluation of the reactor flux 45 produced an apparent gap between the theoretical expectations and the data taken at small distances from reactors (≤ 100 m). A different analysis confirmed the normalization shift.
46
Similarly the Gallium anomaly 47 depends on the assumed cross-section which could be questioned.
These data hint at one or more sterile neutrinos with mass around ∼ 1 eV which would represent a major discovery in particle physics. Cosmological data would certainly allow for one sterile neutrino while more than one are disfavored by the stringent bounds arising form nucleosynthesis (assuming fully thermalized sterile neutrinos). 48 Actually the recently published Planck data 19 on the cosmic microwave background (CMB) are completely consistent with no sterile neutrinos (they quote for the total number of neutrinos N ef f = 3.31 ± 0.53). The absence of a positive signal in ν µ disappearance in accelerator experiments (MINOS, 49 
MiniBooNE-SciBooNE 50 ) creates a tension with LSND (if no CP viol.). For example, in 3+1 models there is a tension
51 between appearance (LSND, MiniBooNe.....) and disappearance (MINOS...) . However, the 3+1 fit is much improved if the low energy MiniBooNe data are not included. 52 In 3+1 models the short baseline reactor data and the gallium anomaly are not in tension with the other measurements. Fits with 2 sterile neutrinos do not solve all the tensions. 51, 53 In general in all fits the resulting sterile neutrino masses are a bit too large when compared with the cosmological bounds on the sum of neutrino masses, if the contribution of the sterile neutrinos to the effective number of relativistic degrees of freedom is close to one.
In conclusion, the situation is at present confuse but the experimental effort should be continued because establishing the existence of sterile neutrinos would be a great discovery (an experiment to clarify the issue of sterile neutrinos is proposed on the CERN site 54 ). In fact a sterile neutrino is an exotic particle not predicted by the most popular models of new physics.
As only a small leakage from active to sterile neutrinos is allowed by present neutrino oscillation data (see, for example, refs.
51, 55-57 and references therein), in the following we restrict our discussion to 3-neutrino models.
Models of Neutrino Mixing
A long list of models have been formulated over the years to understand neutrino mixing. With time and the continuous improvement of the data most of the models have been discarded by experiment. But the surviving models still span a wide range going from a maximum of symmetry, e.g. with discrete non-abelian flavor groups, to the opposite extreme of Anarchy.
The relatively large measured value of θ 13 , close in size to the Cabibbo angle, and the indication that θ 23 is not maximal both go in the direction of models based on Anarchy, 58, 59 i.e. the idea that perhaps no symmetry is needed in the neutrino sector, only chance (this possibility has been recently reiterated, for example, in Ref. ∼ (a, b, 0) , where a > b > 0 is the charge of the first generation, b of the second, zero of the third) while no charge differences appear in the5 (e. g.5 ∼ (0, 0, 0) ). In fact, the observed fact that the up-quark mass hierarchies are more pronounced than for down-quark and charged leptons is in agreement with this assignment. Indeed the embedding of Anarchy in the SU (5) ⊗ U (1) F N context allows to implement a parallel treatment of quarks and leptons. Note that implementing Anarchy and its variants in SO(10) would be difficult. In models with no see-saw, the5 charges completely fix the hierarchies (or Anarchy, if the case) in the neutrino mass matrix. If RH neutrinos are added, they transform as SU (5) singlets and can in principle carry independent U (1) F N charges, which also, in the Anarchy case, must be all equal. With RH neutrinos the see-saw mechanism can take place and the resulting phenomenology is modified.
The SU (5) generators act vertically inside one generation, whereas the U (1) F N charges differ horizontally from one generation to the other. If, for a given interaction vertex, the U (1) F N charges do not add to zero, the vertex is forbidden in the symmetric limit. However, the U (1) F N symmetry (that one can assume to be a gauge symmetry) is spontaneously broken by the VEVs v f of a number of flavon fields with non-vanishing charge and GUT-scale masses. Then a forbidden coupling is rescued but is suppressed by powers of the small parameters λ = v f /M , with M a large mass, with the exponents larger for larger charge mismatch. Thus the charges fix the powers of λ, hence the degree of suppression of all elements of mass matrices, while arbitrary coefficients k ij of order 1 in each entry of mass matrices are left unspecified (so that the number of order 1 parameters exceeds the number of observable quantities). A random selection of these k ij parameters leads to distributions of resulting values for the measurable quantities. For Anarchy the mass matrices in the neutrino sector (determined by the5 and 1 charges) are totally random, while in the presence of unequal charges different entries carry different powers of the order parameter and thus suitable hierarchies are enforced for quarks and charged leptons.
Within this framework there are many variants of models largely based on chance: fermion charges can all be nonnegative with only negatively charged flavons, or there can be fermion charges of different signs with either flavons of both charges or only flavons of one charge. In Refs.62, 63, given the new experimental results, a reappraisal of Anarchy and its variants within the SU (5) × U (1) FN GUT framework was made. Based on the most recent data it is argued that the Anarchy ansatz is probably oversimplified and, in any case, not compelling. In fact, suitable differences of U (1) F N charges, if also introduced within pentaplets and singlets, lead, with the same number of random parameters as for Anarchy, to distributions that are in better agreement with the data. The hierarchy of quark masses and mixing and of charged lepton masses in all cases impose a hierarchy-defining parameter of the order of λ C = sin θ C . The weak points of Anarchy are that all mixing angles should be of the same order, so that the relative smallness of θ 13 (1), while in the see-saw version of Anarchy the problem is only partially alleviated by the spreading of the neutrino mass distributions that follows from the product of three matrix factors in the see-saw formula. An advantage is already obtained if Anarchy is only restricted to the 23 sector of leptons. In this case, with or without see-saw, θ 13 is naturally suppressed and, with a single fine tuning one gets both θ 12 large and r small (this model was also recently rediscussed in Ref. 64 ). Actually in Ref. 62 it was shown, for example, that the freedom of adopting RH neutrino charges of both signs, can be used to obtain a completely natural model where all small quantities are suppressed by the appropriate power of λ C . In this model a lopsided Dirac mass matrix is combined with a generic Majorana matrix to produce a neutrino mass matrix where the 23 subdeterminant is suppressed and thus r is naturally small and θ 23 is large. In addition also θ 12 is large while θ 13 is suppressed. We stress again that the number of random parameters is the same in all these models: one coefficient of o(1) for every matrix element. But, with an appropriate choice of charges, the observed order of magnitude of all small parameters can be naturally explained and the charged fermion hierarchies and the quark mixing angles can be accommodated. In conclusion, models based on chance are still perfectly viable, but we consider Anarchy a particularly simple choice, perhaps oversimplified and certainly not compelling, and we have argued that, since the hierarchy of charged fermion masses needs a minimum of flavor symmetry (like U (1) F N ) then it is plausible that, to some extent, this flavor symmetry can also be effective in the neutrino sector.
Anarchy and its variants, all sharing the dominance of randomness in the lepton sector, are to be confronted with models with a richer dynamical structure, some based on continuous groups 65 but in particular those based on discrete flavor groups (for reviews, see, for example, Refs. [66] [67] [68] 73 models where the flavor group and a generalised CP transformation are combined in a non trivial way 74 (other approaches to discrete symmetry and CP violation are found in Refs. 75 ). Among the models with a non trivial dynamical structure those based on discrete flavor groups were motivated by the fact that the data suggest some special mixing patterns as good first approximations like Tri-Bimaximal (TB) or Golden Ratio (GR) or Bi-Maximal (BM) mixing, for example. The corresponding mixing matrices all have sin 2 θ 23 = 1/2, sin 2 θ 13 = 0, values that are good approximations to the data (although less so since the most recent data), and differ by the value of the Fig. 1 . Top: the experimental value of sin 2 θ 12 is compared with the predictions of exact TriBimaximal (TB) or Golden Ratio (GR) or Bi-Maximal mixing (BM). The shift needed to bring the TB or the GR predictions to agree with the experimental value is small, numerically of order λ 2 C , while it is larger, of order λ C for the BM case, where λ C ≡ sin θ C with θ C being the Cabibbo angle. Bottom: the experimental value of sin θ 13 in comparison with λ C or λ 2 C .
solar angle sin 2 θ 12 (see Fig. 1 ). The observed sin 2 θ 12 , the best measured mixing angle, is very close, from below, to the so called Tri-Bimaximal (TB) value 76 of sin 2 θ 12 = 1/3 a . Alternatively, it is also very close, from above, to the Golden Ratio (GR) value 78 sin 2 θ 12 =
∼ 0.276, where φ = (1 + √ 5)/2 is the GR (for a different connection to the GR, see Refs. 79 ). On a different perspective, one has also considered models with Bi-Maximal (BM) mixing, where at leading order (LO), before diagonalization of charged leptons, sin 2 θ 12 = 1/2, i.e. it is also maximal, and the necessary, rather large, corrective terms to θ 12 arise from the diagonalization of the charged lepton mass matrices 80 (a long list of references can be found in Ref. 66 ). Thus, if one or the other of these coincidences is taken seriously, models where TB or GR or BM mixing is naturally predicted provide a good first approximation (but these hints cannot all be relevant and it is well possible that none is). As the corresponding mixing matrices have the form of rotations with fixed special angles one is naturally led to discrete flavor groups.
In the following we will mainly refer to TB or BM mixing which are the most studied first approximations to the data. A simplest discrete symmetry for TB mixing is A 4 while BM can be obtained from S 4 . Starting with the ground breaking paper in Ref. 81 83 ) leads to exact TB mixing. In these models the starting LO approximation is completely fixed (no chance), but the Next to LO (NLO) corrections, which are specified by the set of flavor symmetries and the field content of the model, still introduce a number of undetermined parameters, although in general much less in number than for U (1) F N models. These models are therefore more predictive and in each model, one obtains relations among the departures of the three mixing angles from the LO patterns, restrictions on the CP violation phase δ CP , mass sum rules among the neutrino mass eigenvalues, definite ranges for the neutrinoless beta decay effective Majorana mass and so on. In the absence of specific dynamical tricks, in a generic model at NLO all three mixing angles receive corrections of the same order of magnitude. Since the experimentally allowed departures of θ 12 from the TB value, sin 2 θ 12 = 1/3, are small, numerically not larger than O(λ 2 C ) where λ C = sin θ C , it follows that both θ 13 and the deviation of θ 23 from the maximal value are also expected to be typically of the same general size. This generic prediction of a small θ 13 , numerically of O(λ 2 C ), is at best marginal after the recent measurement of θ 13 .
Of course, one can introduce some additional theoretical input to improve the value of θ 13 . 84 In the case of A 4 , one particularly interesting example is provided by the Lin model 70 (see also Ref. 69) , formulated before the recent θ 13 results. In the Lin model the A 4 symmetry breaking is arranged, by suitable additional Z n parities, in a way that the corrections to the charged lepton and the neutrino sectors are kept separated not only at LO but also at NLO. As a consequence, in a natural way the contribution to neutrino mixing from the diagonalization of the charged leptons can be of O(λ 2 C ), while those in the neutrino sector of O(λ C ). Thus, in the Lin model the NLO corrections to the solar angle θ 12 and to the reactor angle θ 13 are not necessarily related. In addition, in the Lin model the largest corrections do not affect θ 12 and satisfy the relation sin 2 θ 23 = 1/2 + 1/ √ 2 cos δ CP | sin θ 13 |, with δ CP being the CKM-like CP violating phase of the lepton sector. Note that, for θ 23 in the first octant, the sign of cos δ CP must be negative.
Alternatively, one can think of models where, because of a suitable symmetry, BM mixing holds in the neutrino sector at LO and the corrective terms for θ 12 , which in this case are required to be large, arise from the diagonalization of charged lepton masses (for a list of references, see Ref. 82) ). These terms from the charged lepton sector, numerically required of order O(λ C ), would then generically also affect θ 13 and the resulting angle could well be compatible with the measured value. Thus θ 13 large is not a problem in this class of models. An explicit model of this type based on the group S 4 has been developed in Ref. 85 (see also Refs. 86). In analogy with the CKM mixing of quarks one assumes that the 12 entry of the charged lepton diagonalization matrix is dominant and of order θ C . An important feature of this particular model is that only θ 12 and θ 13 are corrected by terms of O(λ C ) while θ 23 is unchanged at this order. Note however that, in a supersymmetric context (for a recent general analysis of LFV effects in the context of flavor models, see Ref. 87 ), the present bounds on lepton flavor violating (LFV) reactions pose severe constraints on the parameter space of the models. In particular, we refer to the recent improved MEG result 88 on the µ → eγ branching ratio, Br(µ → eγ) ≤ 5.7 × 10 −13 at 90% C.L. and to other similar processes like τ → (e or µ)γ. Particularly constrained are the models with relatively large corrections from the off-diagonal terms of the charged lepton mass matrix, like the models with BM mixing at LO. 84 A way out, indicated by the failure to discover SUSY at the LHC, is to push the s-partners at large enough masses but then a supersymmetric explanation of the muon (g-2) anomaly becomes less plausible.
89, 90
In conclusion, one could have imagined that neutrinos would bring a decisive boost towards the formulation of a comprehensive understanding of fermion masses and mixings. In reality it is frustrating that no real illumination was sparked on the problem of flavor. We can reproduce in many different ways the observations, in a wide range that goes from anarchy to discrete flavor symmetries but we have not yet been able to single out a unique and convincing baseline for the understanding of fermion masses and mixings. In spite of many interesting ideas and the formulation of many elegant models the mysteries of the flavor structure of the three generations of fermions have not been much unveiled.
Conclusion
Neutrino physics deals with fundamental issues still of great importance. Our knowledge of neutrino physics has been much advanced in the last 15 years and it is still vigorously studied and progress is continuously made, but many crucial problems are still open. Together with LHC physics the study of neutrino and flavor processes maintains a central role in fundamental physics.
